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Nominal Terms

To manipulate syntax, e.g. Logic, Unification, or Rewriting, it is useful to
have abstract syntax with names and binding. E voila Nominal Terms:

Terms tu=x|a|m-X|(tt)]|ct]a]t.
Permutations mu=1d|(ab)om
a,b,... € A are atoms, they behave (almost) like constant symbols of

ground type. c are constructors. Swappings act (a b)(n) as

(ab)(a) T (ab)(b) =a and (ab)(c) =c(c+# a,b).

and this action extends elementwise to permutations 7.
(ab)-n=(ab)(n) (ab)-ct=c(ab)-t (ab) *x=x

(ab)-{s,t) =((ab)-s,(ab) 1) (ab)-[n]t=][(ab)(n)(ad)
(ab)-(m-X)=(ab)om-X.
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Substitution

(X)X s =ms (1Y)Xos] =nY
<t,t’>[X — s = (t|[X — S],t/[X — S])
(ct)|X — s] = c(t[X — s])

(la]t)[ X = s] = [a](t[X —s]) a[X —s] =a
For example,
((ab) - X, X)X —a] =(b,a) (|a|X)|X + a] =a.

= denotes syntactic identity.



Expressivity

1. Programming: Lambdalalt, App(t,t’).  Write Aa.t and tt’.
2. Logic: All|alt, Exist|alt, Imp(¢,t"), ...  Similarly, Va. t.
Proof that Aa.A\b.ab = A\b.\a.ba:
a=a b=10
ab = ab
a#Aa.ba Ab.ab= (ba) - (Aa.ba) = A\b.ab
Aa.\b.ab = \b.\a.ba

What'’s this?
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a-equality and freshness

aFs1 a#s, a#s  afs mt(a)#X
aF(s1,...,8,) a#cs a#|b]s aftb aiflals a#tm - X

s1 = 11 Sn:atn s=1 t:at/
(81,.-.,8n) = (t1,...,tp) cs=ct 434 =14

ds(m, ') = {n | n(n) £ 7' (n)}.
For example, ds((a b),Id) = {a, b}. Compare with same-variable
flex-flex case in Higher-Order Patterns X as = X bs.
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Simple logic

We have a simple logic of freshness and «a:-equality.

Let a freshness context be a (possibly empty) list of assertions of the

form a# X . Write I' = a#t when a#£t may be deduced using
elements of I' as assumptions.

Let a equality problem be s = ¢. Similarly write I' = s = .

Lemma: I' = af#ttand I' = s = tis decidable.
Proof: By the structural nature of the rules.
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Let a unification problem U/ be a list of freshness and equality problems.
Logically simplify problems according to the rules described,
U ~ U’ If no simplification is possible say the problem is stuck.

Problem reduction ~~ is strongly normalising and confluent.
By the purely structural nature of the rules.

The only problems in a stuck unification problem are of the form
a#X,m- X = t,andt = 7 - X, where X does not appear in .
By consideration of the rules.

Of course a stuck problem is precisely the context necessary to deduce
the original problem.
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Matching, Unification, MGUs

X
e Freshness simplification: a#X, U S U.
e Matching simplification:
Xt

- X=t U T~ UXw—7l .

e Unification simplification:
Xt

t=m-X, U ~ ~  UX 7!t

A solution to { is a context I' of a# X and 6 a substitution, such that
I' = POforevery P € U.

Theorem: The algorithm implicit above gives most general solutions
(MGUSs). (Matching, Unification)
Proof: In ["Nominal Unification”, with Urban and Pitts].
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1. la]X = |b]|a]ba logically simplifies to X = |b]ab, then matching
simplifies to the empty problem emitting the substitution
X + |blab.

2. la]X = [b] X logically simplifies to a## X and X = (ab) - X
and logically simplifies further to a# X and b# X . This freshness
reduces to the empty problem emitting the freshness context a# X

and b#X.

3. More examples...
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Extensions of nominal terms

Let’s build a logic from these pieces. Terms are as before. Formulae are:

F:=1|FANF|FVF|F=F]|da.F|Va.F
| s = U] a#t | pt

Here p are predicate atoms.
We can express:

o Va.a#X = pX  “pholds of X ifitis closed”.

e Vn.(n=avn=>0)=1)=n#X “fu(X)C{a,b}"

o Va.a# X = a#Y  “fu(Y) C fu(X).

o Va.a#X = rewrites((X,Y),(Y,Y))  “if the first element of

the pair is closed, rewrite as shown”.

rewrites is a predicate atom.
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Extensions of nominal terms

We would expect some theorems to hold:

I' = C
P+ C
e Cquality s = t A a#s = a#t should succeed for any a, s, ?.

e \Veakening. Admissible rule:

e Equality again. X = Y A a#X = a#£Y should be a theorem.

I+ C
T[X —t] F O[X — ¢

X is not a variable symbol! It is a term.

® Substitution. Admissible rule:

E.g. admissibility of this rule is a corollary of weakening and
equalities, since we can weaken with X = .

e Va.db. p{a,b) = Fb. Va. t(a, b) should fail.

e Cut-elimination, ...
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First-Order Logic rules

TPOQFC TFP TFQ

I'PAQ - C

T PAQ

rP+Q T FPT,QFC

r-p=qQ TnI,p=Qrc LIPEPL

/\ (F - P[nl—>a])

acsS

I' = Vn. P

TP+ C

I''Va.P - C

r-pP T,PFQ T.,PPFC

I+ Q
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Freshness rules

Doa#t,a#t' H C T F a#t,a#t Ta#tt = C T+ a#tt
Coa#(t,t"y = C T+ a#(t,t")y T,a#ct B C T F aftct

F’a#[a]t F C F,Cb#t - C ' - a#t
r - C [ a#blt = C T+ a#|b]t

D,r(a)#X - C T F o Ha)#X
I'Na#m - X F C I' H a#tr- X
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a-equality rules | of I

x=xFC Ta=alk C
L+ C L+ C LasbEC

I''s=tFC I' - s=1
Ilals=lalt H C T F |a]s = |a]t

[ya#t,s= (ab)-t = C T Fa#t T'F s=(ab)-t
[als= bt F C ' - [a]s = [b]t

(%
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a-equality rules Il of Il

' - ds(m, 7" )#X I ds(m, 7"\ #X F C

r-rn.X=7x-X TInX=xa-XFC

IX—r ' t] F O X+—rt -4

X &t
't=n-XFC S

INX—rtt] F C[Xsrt -1
N X=tFC

(X ¢1)

((t,t") rules omitted to save space)
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Compact reformulation of = and # rules; definitions style

aFt(t, V) = a#tt A aFtt a#Hct =aFt  a#tfat=T

a#[blt = a#t  a#m- X =7 (a)#X
*x=*x=1 a=a=T a=0b=L1
[als= plt=a#t ANs= (ab)-t a= (t,t')=a

IX—r !t t] F O X+—rt -4
't=n-XFC

(X ¢ 1)

[X—r ' t] F O X+—rt -4
'nm-X=tFC

(X ¢1)
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Cut is admissible in the system without it.
By lots of lemmas.

The spirit of the underlying technical is that the equality rules together
Implement a Miller-Tiu-style equality ‘rule’:

A (re - Cé’)

0 : s0= 16
I') s=t - C

Here 0 varies over closing substitutions so s = t0 is a proof in the
simple logic of equality and freshness.
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Expressivity

1. Closure and explicit control of free variables: As already
commented, e.g. Vn. (n = a = 1) = n#a, or
Vn.n#X = n#Y.

2. Predicate atoms: Add binary predicate atom 7 and definitions

a?(t,t'y = (a?t AN a#t") V (a#t A a?t’)
a’ct=a?t a?lajt =L

a?blt =a? a?lr- X =7"(a)?X

This expresses ‘occurs exactly once in’; a form of linearity.
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Logical simplifications

A problem U is a set of sequents I' = C'. Logical simplifications
U ~ U’ are given by the sequent system.

Lemma: Logical simplifications are strongly normalising.
Proof: By the structural nature of the rules.

Logical simplifications are not confluent, because of \V and 3. However
In their absence | believe this is true.

From now on, everything is blue sky.
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Other simplifications

e Freshness. I' + a#X, U s (T a#X)UU.
1
e Matching. I'+Fw-X=1¢ U ALY TUU.
Xl X

e Unification. I' mFit=n-X, U ~ I'uu.

Here I' U U denotes the problem containing I', A = C for every
AFCinl.

We seem to need to add 1" to get confluence.
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Directions

Hypothesis: Simplifications are strongly normalising and confluent.
We can consider some cases on the board.

Hypothesis: Solving an ordinary nominal unification problem
(a#t, s = t)isequivalenttosolving () = a#t, ) F s = t)in
this new sense.

Hypothesis: Add a binary atomic predicate —; do axioms exist that
hijack the theory of equality to do matching, giving rewriting for free?
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This logic is expressive and unknowns are first-class terms. Equality on
the left is first-class substitution. Equality on the right may fail logically,
but ‘forcing’ it gives unification.

We express relations between universal variables a, b, c and existential
variables X, Y, Z. This enables us to write V-right rules and also the
= -left rules.

Miller and Tiu have V -quantified variables for a and ordinary variables
for X. The substitution [ X — t| gives some flavour of Higher-Order
technigues. Note we have explicit atoms a for which a ;é b when a and

b are syntactically non-identical (c.f. definitions).

(On the board: no A-abstraction,
guantification only over atoms.)
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Mathematics (set theory?)

| propose a flavour of ZFA with two sorts of urelemente; atoms a, b, ¢
and (moderated) unknowns 7 - X, 7 - Y, w - Z.

Substitution action is as for terms but distributes over set-{ — }.

We have the following additional axioms:

Ve. a.v(z) =0 = a#x
Ve. NX. X#x
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Mathematics (algebra)

Algebraic version: a set with a permutation action (a b) and substitution
action | X +— x|. Properties (axioms?) include:

L (ad)- (ylX — z]) = ((ad) -y)[X — ]

2. y| X — X| =u.

3. X#y F y X — x| =2

4. X#x' F ylX—z][X'—2'| =y X'—2'| [ X—z| X —2a']].
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Types (briefly)

Sort(s) of atoms v.

Base sorts s.

Data sorts § ::= s | § X 0.

Compoundsorts 7 :=v |6 | 1 | 7 x 7 | [V]T.

Nominal Terms, this time with types:
ti=ay,by,cp,...| (m-(Xs))s | *1
| (ot ) | ([@nlte) e | (fr—str)s
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