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Conclusions

NominalRewritinginternalisesα-equivalenceasalogicalderivation.

ExtendedNominalRewritingplayswiththisbyinternalisingtwonotions

ofbindingandputtingthemside-by-side.

ab|a[c].Y→Y{c7→b}ν[c]X→Nc.X!X→!X|X

a@P`P|(Na.Q)→Na.(P|Q).

X{c7→b},actuallyΣ([c]X,b),isexplicitsubstitutionwithreactions

(X|Y){c7→b}→X{c7→b}|Y{c7→b}and

(ν[a]X){c7→b}→ν[a](X{c7→b}).

Andwecanexpressreductionstrategieslike

•Y`(λa.X)Y→X{a7→Y}.
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Introduction

Rewritingisageneralframeworkoflogicandcomputation—justdefine

term-formersforthesyntaxofyoursystemandthenreasonorcompute

byrewriting.

Logicandcomputationdisplaybindingbehaviour.Herearetwobinders:
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Twobinders:λandν

νfromtheπ-calculussatisfies:

•νa.Pa≈νb.Pb.

•νa.νb.P≈νb.νa.P.

•νa.P≈P(ifa6∈P).

•C[νa.P]≈νa.C[P]ifa6∈CandCcannotcopyP(!does).

λfromtheλ-calculussatisfies:

•λa.Pa≈λb.Pb.

•λa.λb.P6≈λb.λa.P.

•λa.P6≈P(ifa6∈P).

•C[λa.P]6≈λa.C[P]unlessCistheidentitycontext.
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λ

‘λa’copiesanunknownargumenttoasinitsscope.

Positionisimportantbecausethatiswheretheapplicationistobe

attached.Iftheλismovedorduplicated,applicationsmayhavean

extra,amissing,oranunintended,mate.

The‘problemofbinding’inλa.Piscausedbyinteractionsbetween

internallambdasinP;inP[a7→Q]namesinQshouldnotbecaptured

byotherbindersinP.
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ν

‘C[νa.P]’generatesanamefreshfornamesmentionedoutsideP,i.e.

intheexternalC.

RepositioningandduplicationofνaareOK;solongastheasarefresh.

Copyinginteractswithcontext:wedonotmean

2(νa.a)→2(a)→a|a

but

2(νa.a)→νa.a|νa.a→a|νa.a→a|b.
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Extendednominalrewriting...

...providestwoconstructs,onetomodelλandtheothertomodelν.

InthistalkIwillstressthefoundationalmathematicalaspects.In

anothertalkwemightalsowanttouseit—thespacebetweenλ-and

π-calculitakesinquiteabit!
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λ

Treated,inourstyle,byNominalRewriting[PPDP’04].Therecipeis:

1.Separatemeta-andobject-variablestoXandarespectively.

2.Introduceaterm-former[a]Xtomodelabstraction(λ).

3.Leaveactualβ-reductiontotheusertoprogramup(soβ-reduction

isnotastructuralcongruenceofterms).

4.Donotevenquotienttermsbyα-equivalence(so[a]a6≡[b]b).

5.Dointroduceabinaryrelation≈andmakeitprimitive,inthat

α-equivalenttermshavethesamerewrites.

Inviewofpoint5,whyhavepoint4?Becauseitseparatesthedefinition

ofsubstitutionfromthedefinitionofα-equivalence.
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N

Sonowwecomebacktoν.IntroduceaconstructNa.Ptomean

‘generateafreshaandgetP’.

WedowantNa.Na.P≈Na.PandNa.P≈Pifa6∈P.Itisnot

convenientforα-equivalencetomoveterm-formersupanddowna

term,somakeNnotbeaterm-former—annotatetermsateverylevel

withatagoflocalnames.

WedowantNa.Nb.P≈Nb.Na.Psomakethetagaset.

Wedonotwantc(Na.a,P)≈Na.(c(a,P)),unlesswehavea

mechanismtocommitctonotcopyitsfirstargument.Good,tagsets

giveusthatbehaviour.
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N

WedonotwantNa.a≈Nb.b.

Hangon.νa.aa≈νb.bbholds,doesitnot?Yes,butwehave

abstractionforthat.Njustgeneratesthename,whatyoudowithitthen

isuptoyou.

However,extendednominalrewritinghasruleF:

b@X`Na.X→Nb.(ba)X.
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Maximumconfusionpoint.
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Syntax

FixtermvariablesX,Y,Zandatomsa,b,c,n,x.WriteA,Bfor

finitesetsofatoms.

Aswappingisapairofatoms(ab).Permutationsπarelistsof

swappings

π::=Id|(ab)·π

CallIdtheidentitypermutation.Writeπ·Xforaswappingsuspended

onavariable.

Termsare

s,t::=NA.u

u,v::=a|π·X|〈t1,...,tn〉|[a]t|(ft)

Atermwithonlyemptytagsisa(nunextended)nominalterm.Wemay

writeN∅.uasu,andId·XasX.
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Substitution

(NA.a)[X7→s]≡NA.a(NA.(ft))[X7→s]≡NA.(f(t[X7→s]))

(NA.〈t1,...,tn〉)[X7→s]≡NA.〈t1[X7→s],...,tn[X7→s]〉

(NA.[a]t)[X7→s]≡NA.[a](t[X7→s])

(NA.π·X)[X7→NB.s]≡N(A∪π·B).π·s.
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Swapping

(ab)·NA.u≡N(ab)·A.(ab)·u

(ab)·a≡b(ab)·b≡aand(ab)·c≡c(c6≡a,b)

(ab)·(ft)≡(f(ab)·t)

(ab)·〈t1,...,tn〉≡〈(ab)·t1,...,(ab)·tn〉

(ab)·[n]t≡[(ab)·n](ab)·t

(ab)·π·X≡((ab)·π)·X.

So:

(ab)·λ[a]Nb,c.abX≡λ[b]Na,c.ba(ab)·X
(

(ab)·λ[a]Nb,c.abX)[X7→a]≡λ[b]Na,c.bab.
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Fresh

a#u

a#NA.ua#b

a#s

a#fs

a#s1···a#sn

a#〈s1,...,sn〉

a#[a]s

a#s

a#[b]s

π
-1
·a#X

a#π·X

a#a
(#⊥)

P
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Local

a∈A
a@NA.u

a@u
a6∈A

a@NA.u

a@b

a@s

a@fs

a@s

a@[b]sa@[a]s

a@s1···a@sn

a@〈s1,...,sn〉

π
-1
·a@X

a@π·X

a#X
(#@)

a@X

a@a
(@⊥)

P
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Alpha-equivalence

u≈vB\A@uA\B@v

NA.u≈NB.v

a≈a

s1≈t1···sn≈tn

〈s1,...,sn〉≈〈t1,...,tn〉

s≈t

fs≈ft

s≈t

[a]s≈[a]t

s≈(ab)·ta#t

[a]s≈[b]t

ds(π,π
′
)#X

π·X≈π
′
·X

where

ds(π,π
′
)

def
=

{

n
∣

∣

π·n6=π
′
·n

}

.
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Forexample

Forexample,ds((ab),Id)={a,b},so(usingtherulesabove)we

candeduce(ab)·X≈Xfromassumptionsa#Xandb#Xandwe

alsohaveasexpected[a]a≈[b]b.

ConsistentwithintuitionsdiscussedintheIntroduction,Na.b≈b,and

Na,b.a≈Na.a,butnotethatNa.a6≈Nb.bandNa,a.u≡Na.u.

WecandeduceNa.s≈sfroma@s.
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Scope-extrusionfor|

Supposesomebinaryterm-former|.Thenscope-extrusionruleforitis

a@Y`(Na.X)|Y→Na.(X|Y).

ThisworksincollaborationwithruleF:

b@X`Na.X→Nb.(ba)X

whichletsusguaranteea@tforanyparticularchoiceofttoreplaceY.

ExtendedNominalRewritingMay2005LIX,Paris,France.19



Unification,confluence,etc.

Ncreatessomeinterestingissues.ClearlywithruleFnorewrite

systemcanbeterminating,soweneedanotionofterminationupto

renaminglocalnames.Notaproblem.

Also,Nmay‘swallow’names.Forexample(onthefaceofit)

Na.X≈Na.ahastwosolutions:Xmapstoa,andXmapstoNa.a.

Neitherisasubstitutioninstanceoftheotherbecausesubstitutionisfor

meta-variablesXandY,notfora.Soweneedanotionofunifierupto

accidentalswallowingbytags.Again,notaproblem.
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Alpha-equivalence

SomepeoplesaythatNominalRewriting,initsvariousflavours,is‘just

aboutα-equivalence’.

Butthatmissesthatit’saboutsubstitutionforstrong(meta-)variables

andunificationofincompleteterms,inthepresenceofα-equivalence

forweak(object-)variables.

Threadthemachineryofdetermining≈intothemechanicsofthe

system,aswedobymakingitalogicalderivationdistinctfromthefact

ofsyntacticequivalence≡,andyouhavestructuralproofprinciplesyou

canusetogetresults,andyouhaveadesignspacee.g.tohavemore

thanonekindofbinder.

Wehaveaccesstoanewdesignspace.Ilikedesignspaces.
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Closed,is-in

Actually,I’vemissedoutsomethingimportant.

Wecanintroducenewjudgements•sfor‘sisclosed’ora∈sfor‘a

occurs(preciselyonce?)ins’.

Wecanusethesetoexpressreductionstrategies,butstillbenefitfrom

meta-theoremsoftherewritingframeworksuchasconfluenceresults.

Thatis;ifyourfavouritereductionstrategycanbeexpressedwithinthe

nominalrewritingframeworkinacertainformalsense,thenyouget

nominalrewritingmeta-theoremsforfree.
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