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( Benefits of cut elimination |

Formal:

— Consistency

— Non-derivability

— Completeness for derivation-search algorithms
— Decidability results for fragments

— Extensions
Philosophical:

— Syntactic characterisation of what it is to ‘be a logic’

— Grounds a theory of meaning
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( Cut elimination and axioms)

e These properties do not follow in the presence of axioms. We need axioms to derive:
VxVy(x Xy ~ yXxx)
e Sequents operate on the sentential level, but many interesting formal systems operate on the
level of terms. For example:

— Arithmetic

— Lambda calculus

e Q. How can we get the formal and philosophical benefits of cut elimination for ‘term’ logics?

A. Use term sequents.
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[ A brief overview of term sequents]

Term sequent logic has two judgement forms:

— a truth judgement T — A
—a term judgement T =0 : 0, or T 08 — @’

The symbol :— indicates a relation (equality; reducibility; definedness;...) between 8 and @’ just as

- indicates an entailment relation between I' and A.

e The structure of 8 and 8’ depends on the term-formers we want term sequent derivation rules

for.

e The challenge is to find a suitable term sequent structure together with syntax-directed term

sequent derivation rules correlating to the theory we wish to examine.
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[ Three term sequent logics]

e Numbers with addition and multiplication.
—T'+—0:0@
— 8 and @’ are multisets of multisets. Intuitively they each are a sum of products.

o \-calculus.

—TI'HFB—1t

— B is a tree, t is a term. Intuitively, 8 corresponds to an n-expanded head normal form.
e Boolean algebra

—TFBe—0@

— B 1s a set.
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( Related work ]

e Rewriting

— The truth-judgement form of rewriting is weak (‘s rewrites to t’)

— Rewrites are not easily conditionalised.
e Deduction Modulo

— Not syntax directed.

— Again, conditionalising on rewrites is not simple.
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[ Basic syntax of arithmeticj

e Define terms t and sentences A by:

t = x9,2,... | (t14+t2) | (t1xt2) [0 |1
A = ty~ty|A AAy | —A|VxA
e t,5... range over finite multisets of terms.

8,0, ¥, ¥ range over finite multisets of finite multisets of terms.

() is the empty multiset.

e A term sequentis a tuple T — 0 :: 0.
A sentence sequent is a pair T’  A.
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[ Term sequent rules]

—(Aw) '=6,(:: (7))
'0:0 "/ @ atomic I' A +
I'-tty,01 :: tte, B9 (~ L) i=1,j=2 I ty::to (~ ) i=1,j=2
F,ti%tjl—al it By ~ or Fl—ti%tj,A ~ or
i=2, j=1 i=2, j=1
F'08,t:e 0 :06,t @ ’..
- A (1L) - ' 1R FI—E]:E) (oL) I'—06 ”B_(OR)
I'—0,1t :: 0 -0 :0,1t '~ 08,0t: 6 I~ 0 :0,0t
I'-0,tty, tty e’ FI—B/ZI@,Etl,EtQ
— - (+L) p — (+R)
I'08,t(ti+te) 6 '@ ::8,t(t1+t2)
F'0,ttity 1 @ F'—0:0,ttt
—8,tt1ts (xL) - ,tt1to (xR)

I'0,t(t;xte) = @ T8 :8,t(t; xty)
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[ Sentence sequent rules]

T A; - A T AL A TEAA T—CA T,CHA
L R Cut
T Al Ed M) 1cico TE A Adyd T A (Cut)
T, A[x/t] - A T A A T, A A T A A
VL VR f 2 - (4 — " (4
Tvxa - a Y Trvgaa R xwot free o (5R) g—prp (51

inT, A
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[ Conspicuously absent are. . j

e Axiom rule:

T,AF A A

e Equality rule:
I Alx/t], A
I, t~t' - Alx/t'], A

Both are derivable in term sequent logic.

10
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[Term sequent derivationsj

I -xy,xy,xy 2y, xy, xy

(xL), (xR)

I xy,x'y, x'xy' = x'y, x'y", xx
Y, Xy y Y, Xy Y(

—— (A = (Az:.)

T T::) ~Xx,y,Z2::X,y,Z (+1)

E (((;;)) - x, (y+2) = x,y,2 )
S0l (xL) T xtlytE) i xy.2 (+R) Ix~x +xy x'xy ox'y, xxy
t}}::(())z(()) (~ R) - x+(y+2) = (x+y), 2 (+R Tx~x.y~y -2 xy © xxy

- x+(y+2z) == (x+y)+z xx~x,yxy F+x'xy ~xxy,A

11
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[Term sequent derivationsj
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S0l (xL) T xtlytE) i xy.2 (+R) Ix~x +xy x'xy ox'y, xxy
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11
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[Term sequent derivationsj
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Y, Xy y Y, Xy Y(
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- x0 ::”O (x L) - x+(y+2z) 1 x,y,2 (R) Ix~x Xy x'xy o x'y, xxy
ti:g;% (~E) mxtye) - (hy), 2 (+R Lxrxx,yry Ex'xy ixxy

- x+(y+2z) == (x+y)+z xx~x,yxy F+x'xy ~xxy,A

11
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[Term sequent derivationsj
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[Term sequent derivationsj
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I xy,x'y, x'xy' = x'y, x'y", xx
Y, Xy y Y, Xy Y(

(A - (Az:.)
T T::) x,y,2::X%x,y,2 (+1)

E (((2)11;{)) - x, (y+2) = x,y,2 )

|—XOZI”O (x L) - x+(y+2z) 1 x,y,2 (R) Ix~x Xy x'xy o x'y, xxy
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11
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[Term sequent derivationsj

I -xy,xy,xy 2y, xy, xy

(xL), (xR)

I xy,x'y, x'xy' = x'y, x'y", xx
Y, Xy Y Y, Xy y(

= (Ax;;) = XYy 2 %XY,2 (j?jj_L))
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11
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[Term sequent derivationsj
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(A . (Az::)
T T::) x,y,2:X%X,y,2 (+1)

- x0: (((())Ié)) - x, (y+2z)  x,y,2 o)
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[Term sequent derivationsj

I -xy,xy,xy 2y, xy, xy

(xL), (xR)

I xy,x'y, x'xy' = x'y, x'y", xx
VER y VER y(

(A . (Az..)
T T::) x,y,2:X%X,y,2 (+1)

- x0: (((())Ié)) - x, (y+2z)  x,y,2 o)

- X050 (xL) - x+(y+z) 1 x,y,2 (1 R) Ix~x Xy x'xy o x'y, xxy
t::::é)%% (~ R) - x+(y+2) = (x+y), 2 (R Txxx,y~y - xxy & xxy

- x+(y+2z) == (x+y)+z Lxxx,yry +x'xy ~xxy,A
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[Term sequent derivationsj

I'xy, Xy, xy = xy,xy, xy

(xL), (xR)

I xy,x'y, x'xy' = x'y, x'y", xx
VER y VER y(

(A - (Az:.)
— z::) - Xx,y,2:X%,y,2 (1)

Fow O Fxemeaye ()

- x0:: 0 (xL) - x+(y+2z) 1 x,y,2 ) Tx~x -2y, 2 xy = 2y, xxy
ll:;:::g%% (~R) = x+(y+2) = (x+y), 2 (+R Tx~x,yrxy +x'xy :xxy

- x+(y+2z) == (x+y)+z Lxxx,yry +x'xy ~xxy,A

11
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[Term sequent derivationsj

(Az::) / 1! / 1!
— (Az..) FX,y,2:X,y,2 ' -xy,xy,xy =Xy,Xy,Xy
= (OL) .. (+L) Tir ol sor! ov ol <l or! (xL), (xR)
Ex05 op mx+2) Exyz Ul xy, Xy, XXy =Xy, Xy, 25y o
x0:0 ((xL) - x+(y+2z)  x,y,2 (R) Ix~x xy x'xy o x'y, xxy (L)
|—XXO::O N — x4+ y_|_z . X-{-y)z F,me’,y%yll—xlxy/::xxy b
—xx0~0 T SALILRL LA (~R)

- x+(y+2z) = (x+y)+z Txc~x,yx~y +x'xy ~xxy,A
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[Term sequent derivationsj

(Az.) / ) / !
— (Az.) - X,y,Z2 5 X,Y,2 ' xy,x'y, X'y ¥y, X'y, xy
= (OL) .. (+L) y/ y/ y/ . /y /y/ (xL), (xR)
Ex0: o -x,(y+2) 1 x%,y,2 (L) [l xy, Xy, XXy =Xy, Xy, 22y
x0:0 (xL) - x+(y+2z)  x,y,2 (+R) Tx~ % - xv,% xy X'y, %Xy (~ 1)
Fxx0:0 N = x+(y+z) : (x+y), 2z F,X%X’,ymy’l—x’xy’::xxy N
—xx0~0 SAKIEEan AN ’ (~R)

- x+(y+2z) = (x+y)+z Txc~x,yx~y +x'xy ~xxy,A
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[Term sequent derivationsj

(Az::) / 1ot / 1ot
— (Az:) Fxy,z2:X%y,2 I' =xy,xy,xy @ xXy,Xy,Xy
BRI (OL) .. (+L) y/ y/ /.. /y /y/ (xL), (xR)
|—XOZZ OR) |_X7 (y—|—Z) X, y,2 (—|—L) F|_XY7XY7XXY SXY, XY L,XXY (%L)
x0:0 ((xL) - x+(y+2z)  x,y,2 (R) Ix~x' xy x'xy ox'y, xxy (L)
Fxx0:0 - x+(y+2) = (x+y), Z Ixx~x,yay F+x'xy @xxy b
xx0~0 (~R) ( ) { ) (+R) : : (*R)

- x+(y+2z) = (x+y)+z Txc~x,yx~y +x'xy ~xxy,A
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[Term sequent derivationsj

(Ax;‘) / ) / 1ot
— (Ax..) Fx,y,2:X,Y,Z I' =xy,xy,xy @ xXy,Xy,Xy
— x0 :: |_X7(y+z) Xy, 2 I ' xy, Xy, x Xy ©Xy,Xy,XXy
— (0R) ~ (+L) ; IR, (~L)
Fx0:0 (xL) - x+(y+2z)  x,y,2 (+R) x~x Xy, x Xy xXy,xXy (~ L)
Fxx0:0 - x+(y+2z) & (x+y),2 Ixx~x,yay +x'xy =xxy h
xx0~0 (~R) ( ) { ) (+R) (~ R)

- x+(y+2z) = (x+y)+z Txc~x,yx~y +x'xy ~xxy,A
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[Term sequent derivationsj

(Az..) / ., / 1!
— (Ax..) HXy,2:X,y,2 I' =xy,xy,xy @ xXy,Xy,Xy
— x0 :: |_X7(y+z) Xy, 2 I ' xy, Xy, x Xy ©Xy,Xy,XXy
— (0R) ~ (+L) ; IR, (~L)
Fx0:0 (xL) - x+(y+2z)  x,y,2 (+R) x~x Xy, x Xy xXy,xXy (~ L)
Fxx0:0 - x+(y+2z) & (x+y),2 Ixrxx,yray +x'xy = xxy h
—xx0~0 r2) B2 gy (~R)

- x+(y+2z) = (x+y)+z Tx~x,yx~y +x'xy ~xxy,A
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[Sentence sequent derivations]
-x,7,2,2,0,0 2 %,7,2,2,0,0 e C%.7.2.v1.99, 0.0 " %.7,2,v1,92, 0,0 7
(1L), (1R) (1L), (1R)
~x,y,2,2,0,1:%y,2z27,1,1 " - x,y,2,v1,v2,1,1 1 x,y,2,v1,v2,1,1 (+R)
+-x,v,2,2,0,1:x+(z+1),y,2,1 s - x,y,2,v1,v2,1,1 = x+(vi+1),y+(va+1),2 )
x+(z+1)~y+Hx,2,7,0,1:y,7,1 R x+(vi+1) v, y+(ve+1) ® z - x,vi,v2,1,1 0 2 .
x+(z+1) A~y - x,2,2,0,1 = y+(2 +1) o x+(vi+l) &y, y+(va+1) ¥ 2 - x+((vitva+1)+1) = z .
x+(z+1) ~y, y+(@+1) ~x+2,7,0 = o x+(vi+1) &y, y+(ve+1) & z - x+((vi+ve+1)+1) ~ z )
x+(z+1) ~y, yH(EHL~ x) - L x+(vit+l) & y,y+(va+1) ¥ z - Iv(x+(v+1) ~ z) -

z(x+(z4+1) ~ y), 3 (y+(&+1) ~ x)
X<y, y<xXH

Iv(x+(v+1) r y), Iv(y+(v+1) = z) - Iv(x+(v+1) = z)

X<y, y<zFx<z

12
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[Sentence sequent derivations]
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[Sentence sequent derivations]
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[Sentence sequent derivations]
— x,y,z,z’, 0,0 =%y, z,2,0,0 (Aes) HXv,2,v1,v2,(0),(0) : X,¥,Z,V1,V2, (), () (Aw::)
(1L), (1R) (1L), (1R)
~x,y,2,2,0,1:%,y,227,1,1 ) - x,y,2,v1,v2,1,1:x,y,2,vy,ve, 1,1 G
-x,v,2,2,0,1:x+(z+1),y,2,1 ~L) - x,y,2,v1,v2,1,1 = x+(vi+1),y+(va+1),2 )
x+(z+1)~ry+Hx,2,7,0,1:y,7,1 R x+(vi+1) v, y+(ve+1) ® z - x,vi,v2,1,1 0 2 .
x+(z+1) A~y - x,2,2,0,1 = y+(2 +1) o x+(vi+l) &y, y+(va+1) ¥ 2 - x+((vitva+1)+1) = z .
x+(z+1) ~y, y+(@+1) ~x+2,7,0 = . x+(vit+l) &y, y+(ve+1) ® z - x+((vi+va+1)+1) ~ z )
x+(z+1) ~y, yH(EHL~ x) - L x+(vit+l) & y,y+(va+1) ¥ z - Iv(x+(v+1) ~ z) -

z(x+(z4+1) ~ y), 3 (y+(&+1) ~ x)
X<y, y<xXH

Iv(x+(v+1) r y), Iv(y+(v+1) = z) - Iv(x+(v+1) = z)

X<y, y<zFx<z

12
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[Sentence sequent derivations]
57,52, 000 553,525 0,0 —X,3.2,91,92,0,0 S 5,3,2,91,72,0,0
(1L), (1R) (1L), (1R)
-x,v,2,2,0,1::%x,y,2z,2,1,1 R) - x,y,2,v1,v2,1,1 1 x,y,2,v1,v2,1,1 (+R)
-x,y,2,2,0,1::x+(z+1),y,2,1 (~1) - x,y,2,v1,v2, 1,1 0 x+(vi+1), y+(ve+1), 2 s
x+(z+1)~y+Hx,2,7,0,1:y,7,1 R x+(vi+1) v, y+(ve+1) ® z - x,vi,v2,1,1 0 2 .
x+(z+1) A~y - x,2,2,0,1 = y+(2 +1) o x+(vi+l) &y, y+(va+1) ¥ 2 - x+((vitva+1)+1) = z .
x+(z+1) ~y, y+H(F ) x5, 7,0 = . x+(vi+1) r y,y+(va+1) ~ z - x+((vi+ve+1)+1) ~ 2 -
x+(z+1) &y, y+H(&+1~x) - - x+(vi+1) ¥y, y+(ve+1) & z - Iv(x+(v+1) » 2) L)

z(x+(z4+1) ~ y), 3 (y+(&+1) ~ x)
X<y, y<xXH

Iv(x+(v+1) r y), Iv(y+(v+1) = z) - Iv(x+(v+1) = z)

X<y, y<zFx<z

12
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[Sentence sequent derivations]
53,57, 0,0 5 5,3.52,0,0 C%,9,2,91,72,0,0 5 %,9,2,91,72,0,0 )
(1L), (1R) (1L), (1R)
-x,v,2,2,0,1::%x,y,2z,2,1,1 R) - x,y,2,v1,v2,1,1 1 x,y,2,v1,v2,1,1 (+R)
-x,y,2,2,0,1::x+(z+1),y,2,1 (~1) - x,y,2,v1,v2, 1,1 0 x+(vi+1), y+(ve+1), 2 s
x+(z+1)~y+Hx,2,7,0,1:y,7,1 R (4R x+(vi+1) v, y+(ve+1) ® z - x,vi,v2,1,1 0 2 .
x+(z+1) A~y - x,2,2,0,1 = y+(2/ +1) 1) x+(vi+l) &y, y+(va+1) ¥ 2 - x+((vitva+1)+1) = z .
x+(z+1) ~y, y+(@+1) 2 x+2,7,0 = o x+(vit+l) &y, y+(ve+1) ® z - x+((vi+va+1)+1) ~ z )
x+(z+1) &y, y+H(&+1~x) - - x+(vi+1) ¥y, y+(ve+1) & z - Iv(x+(v+1) » 2) L)

z(x+(z4+1) ~ y), 3 (y+(&+1) ~ x)
X<y, y<xXH

Iv(x+(v+1) r y), Iv(y+(v+1) = z) - Iv(x+(v+1) = z)

X<y, y<zFx<z

12



“Term Sequent Logics”, Michael Gabbay, British Academy grant PDF /2006/509
[Sentence sequent derivations]
53,57, 0,0 5 5,3.52,0,0 C%,9,2,91,72,0,0 5 %,9,2,91,72,0,0 )
(1L), (1R) (1L), (1R)
-x,v,2,2,0,1::%x,y,2z,2,1,1 R) - x,y,2,v1,v2,1,1 1 x,y,2,v1,v2,1,1 (+R)
-x,y,2,2,0,1::x+(z+1),y,2,1 (~1) - x,y,2,v1,v2, 1,1 0 x+(vi+1), y+(ve+1), 2 s
x+(z+1)~y+Hx,2,7,0,1:y,7,1 R (4R x+(vi+1) v, y+(ve+1) ® z - x,vi,v2,1,1 0 2 .
x+(z+1) A~y - x,2,2,0,1 = y+(2/ +1) ~ 1) x+(vi+l) &y, y+(va+1) ¥ 2 - x+((vitva+1)+1) = z .
x+(z+1) ~y, y+(@+1) 2 x+2,7,0 = . x+(vit+l) &y, y+(ve+1) ® z - x+((vi+va+1)+1) ~ z )
x+(e4+1) ~y, yH(E+L A~ x) - . x+(vi+1) ¥y, y+(ve+1) x z = v(z+(v+1) ~ 2) -

z(x+(z4+1) ~ y), 3 (y+(&+1) ~ x)
X<y, y<xXH

Iv(x+(v+1) r y), Iv(y+(v+1) = z) - Iv(x+(v+1) = z)

X<y, y<zFx<z

12
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[Sentence sequent derivations]
53,57, 0,0 5 5,3.52,0,0 C%,9,2,91,72,0,0 5 %,9,2,91,72,0,0 )
(1L), (1R) (1L), (1R)
-x,v,2,2,0,1::%x,y,2z,2,1,1 R) - x,y,2,v1,v2,1,1 1 x,y,2,v1,v2,1,1 (+R)
-x,y,2,2,0,1::x+(z+1),y,2,1 (~1) - x,y,2,v1,v2, 1,1 0 x+(vi+1), y+(ve+1), 2 s
x+(z+1)~y+Hx,2,7,0,1:y,7,1 R (4R x+(vi+1) v, y+(ve+1) ® z - x,vi,v2,1,1 0 2 .
x+(z+1) A~y - x,2,2,0,1 = y+(2/ +1) ~ 1) x+(vi+l) &y, y+(va+1) ¥ 2 - x+((vitva+1)+1) = z .
x+(z+1) ~y, y+(@+1) 2 x+2,7,0 = . x+(vit+l) &y, y+(ve+1) ® z - x+((vi+va+1)+1) ~ z )
x+(e4+1) ~y, yH(E L~ x) - o) x+(vi+1) ¥y, y+(ve+1) x z = v(z+(v+1) ~ 2) -

z(x+(z4+1) ~ y), 3/ (y+(&+1) ~ x)
X<y, y<xXH

Iv(x+(v+1) r y), Iv(y+(v+1) = z) - Iv(x+(v+1) = z)

X<y, y<zFx<z

12
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[Sentence sequent derivations]
53,57, 0,0 5 5,3.52,0,0 C X 3,291,92,0,0 SR 5 VLI2,0,0 )
(1L), (1R) (1L), (1R)
-x,v,2,2,0,1::%x,y,2z,2,1,1 R) - x,y,2,v1,v2,1,1 1 x,y,2,v1,v2,1,1 (+R)
- x,7,2,2,0,1::x+(z+1),y,7,1 ~ 1) - x,y,2,v1,v2,1,1 t x+(vi+1),y+(va+1), 2 s
x+(z+1)~y+Hx,2,7,0,1:y,7,1 R). (+R) x+(vi+l) r y,y+(vo+1) 2 x,vq,v2,1,1 1 2 (+R)
x+(z+1) Ry x,2,7,0,1 :y+(+1) (~L) x+(vi+1) 7 y,y+(va+1) ~ z - x+((vi+ve+1)+1) : z ( R)
x+(z+1) ~y, y+(@+1) 2 x+2,7,0 = . x+(vit+l) &y, y+(ve+1) ® z - x+((vi+va+1)+1) ~ z )
x+(e4+1) ~y, yH(E L~ x) - an) x+(vi+1) ¥y, y+(ve+1) x z = v(z+(v+1) ~ 2) -

z(x+(z4+1) ~ y), 32/ (y+(&+1) ~ x)
X<y, y<xH

Iv(x+(v+1) r y), Iv(y+(v+1) = z) - Iv(x+(v+1) = z)

X<y, y<zFx<z

12
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[Sentence sequent derivations]
53,57, 0,0 5 5,3.52,0,0 CX3,291,92,0,0 SR, 5VLI5,0,0 )
(1L), (1R) (1L), (1R)
-x,v,2,2,0,1::%x,y,2z,2,1,1 R) -xy,2,v1,v2,1,1 1 x,y,2,v1,v2,1,1 (+R)
- x,7,2,2,0,1::x+(z+1),y,7,1 ~ 1) - x,y,2,v1,v2,1,1 t x+(vi+1),y+(va+1), 2 s
x+(z+1)~y+Hx,2,7,0,1:y,7,1 R). (+R) x+(vi+l) r y,y+(vo+1) 2 x,vq,v2,1,1 1 2 (+R)
x+(z+1) Ry x,2,7,0,1 :y+(+1) (~L) x+(vi+1) 7 y,y+(va+1) ~ z - x+((vi+ve+1)+1) : z ( R)
x+(z+1) ~y, y+(@+1) 2 x+2,7,0 = . x+(vit+l) &y, y+(ve+1) ® z - x+((vi+va+1)+1) ~ z )
x+(e4+1) ~y, yH(E L~ x) - an) x+(vi+1) ¥y, y+(ve+1) x z = v(z+(v+1) ~ 2) -

z(x+(z4+1) ~ y), 32/ (y+(&+1) ~ x)
x<y, y<xp

Iv(x+(v+1) r y), Iv(y+(v+1) = z) - Iv(x+(v+1) = z)

X<y, y<zFx<z

12
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[Sentence sequent derivations]
53,57, 0,0 5 5,3.52,0,0 CX3,2,91,92,0,0 S 5,5 VL123,0,0 )
(1L), (1R) (1L), (1R)
~x,y,2,2,0,1:%,y,227,1,1 ) - x,y,2,v1,v2,1,1:x,y,2,vy,ve, 1,1 o
-x,y,2,2,0,1::x+(z+1),y,2,1 (~1) - x,y,2,v1,v2, 1,1 0 x+(vi+1), y+(ve+1), 2 s
x+(z+1)~y+Hx,2,7,0,1:y,7,1 R). (+R) x+(vi+l) r y,y+(vo+1) 2 x,vq,v2,1,1 1 2 (+R)
x+(z+1) Ry x,2,7,0,1 :y+(+1) (~L) x+(vi+1) 7 y,y+(va+1) ~ z - x+((vi+ve+1)+1) : z (~R)
x+(z+1) ~y, y+(@+1) 2 x+2,7,0 = . x+(vit+l) &y, y+(ve+1) ® z - x+((vi+va+1)+1) ~ z )
x+(e4+1) ~y, yH(E L~ x) - an) x+(vi+1) ¥y, y+(ve+1) x z = v(z+(v+1) ~ 2) -

z(x+(z4+1) ~ y), 32/ (y+(&+1) ~ x)
x<y, y<xp

Iv(x+(v+1) r y), Iv(y+(v+1) = z) - Iv(x+(v+1) = z)

X<y, y<zFx<z

12
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[Sentence sequent derivations]
53,57, 0,0 5 5,3.52,0,0 CX3,291,92,0,0 SR, 5VLI2,0,0 )
(1L), (1R) (1L), (1R)
~x,y,2,2,0,1:%,y,227,1,1 ) - x,y,2,v1,ve,1,1:x,y,2,vy,ve,1,1 )
-x,y,2,2,0,1::x+(z+1),y,2,1 (~1) - x,y,2,v1,v2, 1,1 0 x+(vi+1), y+(ve+1), 2 L
x+(z+1)~y+Hx,2,7,0,1:y,7,1 R). (+R) x+(vi+1) ~ y,y+(vo+1) ¥ 2z - x,vq,v2,1,1 1 2 (+R)
x+(z+1) Ry x,2,7,0,1 :y+(+1) (~L) x+(vi+1) 7 y,y+(va+1) ~ z - x+((vi+ve+1)+1) : z (~R)
x+(z+1) ~y, y+(@+1) 2 x+2,7,0 = . x+(vit+l) &y, y+(ve+1) ® z - x+((vi+va+1)+1) ~ z )
x+(e4+1) ~y, yH(E L~ x) - an) x+(vi+1) ¥y, y+(ve+1) x z = v(z+(v+1) ~ 2) -

z(x+(z4+1) ~ y), 32/ (y+(&+1) ~ x)
x<y, y<xp

Iv(x+(v+1) r y), Iv(y+(v+1) = z) - Iv(x+(v+1) = z)

X<y, y<zFx<z

12
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[Sentence sequent derivations]
53,5700 5 53,52.0.0 —%,7,2,91,2,0, 0 5 5,9,2,91,92,0,0 )
(1L), (1R) (1L), (1R)
~x,y,2,2,0,1:%,y,227,1,1 ) - x,y,2,v1,ve,1,1:x,y,2,vy,ve,1,1 )
-x,v,2,2,0,1:x+(z+1),y,2,1 (~1) - x,v¥,2,v1,v2, 1,1 x+(vi+1),y+(ve+1), 2 1)
x+(z+1)~y+Hx,2,7,0,1:y,7,1 R x+(vi+l) & y,y+(ve+1) ® z - x,vi,v2,1,1 : 2 o
x+(z+1) Xy - x,2,2,0,1 : y+(2'+1) ~ 1) x+(vi+1) 2 y,y+(ve+1) ~ z - x+((vi+ve+1)+1) i z .
x+(z+1) ~y, y+(@+1) 2 x+2,7,0 = . x+(vit+l) &y, y+(ve+1) ® z - x+((vi+va+1)+1) ~ z )
x+(e4+1) ~y, yH(E L~ x) - an) x+(vi+1) ¥y, y+(ve+1) x z = v(z+(v+1) ~ 2) -

z(x+(z4+1) ~ y), 32/ (y+(&+1) ~ x)
x<y, y<xp

Iv(x+(v+1) r y), Iv(y+(v+1) = z) - Iv(x+(v+1) = z)

X<y, y<zFx<z

12
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[Sentence sequent derivations]
E57.2.7,0.0 57.2.2,0,0 o C%,7,2,91,92,0,0 = 5,7,2,91,v2,0, 0 =)
(1L), (1R) (1L), (1R)
~x,y,2,2,0,1:%,y,227,1,1 ) - x,y,2,v1,ve,1,1:x,y,2,vy,ve,1,1 )
-x,v,2,2,0,1:x+(z+1),y,2,1 (~L) - x,y,2,v1,v2,1,1 =t x+(vi+1),y+(va+1),z (~1)
x+(z+1)~y+Hx,2,7,0,1:y,7,1 R (4R x+(vi+1) # y,y+(va+1) & z - x,vy,ve,1,1 0 2 o
x+(z4+1) ~ y - x,2,2/, 0,1 = y+(2'+1) ~ 1) x+(vi+1) v, y+(va+1) & z - x+((vi+ve+1)+1) : z o
x+(z+1) ~y, y+(@+1) 2 x+2,7,0 = . x+(vit+l) &y, y+(ve+1) ® z - x+((vi+va+1)+1) ~ z )
x+(e4+1) ~y, yH(E L~ x) - an) x+(vi+1) ¥y, y+(ve+1) x z = v(z+(v+1) ~ 2) -

z(x+(z4+1) ~ y), 32/ (y+(&+1) ~ x)
x<y, y<xp

Iv(x+(v+1) r y), Iv(y+(v+1) = z) - Iv(x+(v+1) = z)

X<y, y<zFx<z

12



“Term Sequent Logics”, Michael Gabbay, British Academy grant PDF /2006/509
[Sentence sequent derivations]
E57.2.7,0.0 57.2.2,0,0 o C%,7,2,91,92,0,0 = 5,7,2,91,v2,0, 0 =)
(1L), (1R) (1L), (1R)
~x,y,2,2,0,1:%,y,227,1,1 ) - x,y,2,v1,ve,1,1:x,y,2,vy,ve,1,1 )
-x,v,2,2,0,1:x+(z+1),y,2,1 (~L) - x,y,2,v1,v2,1,1 =t x+(vi+1),y+(va+1),z (~1)
x+(z+1)~y+Hx,2,7,0,1:y,7,1 R (4R x+(vi+1) # y,y+(va+1) & z - x,vy,ve,1,1 0 2 o
x+(z+1) A~y - x,2,2,0,1 = y+(2/ +1) ~ 1) x+(vi+l) &y, y+(va+1) ¥ z - x+((vitva+1)+1) = z ~ )
x+(z+1) ~y, y+(@+1) 2 x+2,7,0 = . x+(vit+l) &y, y+(ve+1) & z - x+((vi+ve+1)+1) ~ z )
x+(e4+1) ~y, yH(E L~ x) - an) x+(vi+1) ¥y, y+(ve+1) x z = v(z+(v+1) ~ 2) 5

z(x+(z4+1) ~ y), 32/ (y+(&+1) ~ x)
x<y, y<xp

Iv(x+(v+1) r y), Iv(y+(v+1) = z) - Iv(x+(v+1) = z)

X<y, y<zFx<z

12



“Term Sequent Logics”, Michael Gabbay, British Academy grant PDF /2006/509
[Sentence sequent derivations]
E57.2.7,0.0 57.2.2,0,0 o C%,7,2,91,92,0,0 = 5,7,2,91,v2,0, 0 =)
(1L), (1R) (1L), (1R)
~x,y,2,2,0,1:%,y,227,1,1 ) - x,y,2,v1,ve,1,1:x,y,2,vy,ve,1,1 )
-x,v,2,2,0,1:x+(z+1),y,2,1 (~L) - x,y,2,v1,v2,1,1 =t x+(vi+1),y+(va+1),z (~1)
x+(z+1)~y+Hx,2,7,0,1:y,7,1 R (4R x+(vi+1) # y,y+(va+1) & z - x,vy,ve,1,1 0 2 o
x+(z+1) A~y - x,2,2,0,1 = y+(2/ +1) ~ 1) x+(vi+l) &y, y+(va+1) ® z - x+((vitve+1)+1) : z (~R)
x+(z+1) ~y, y+(@+1) 2 x+2,7,0 = . x+(vi+1) &y, y+(ve+1) & z - x+((vi+ve+1)+1) ~ z R
x+(z+1) 2y, yH(F+1~x) - an) xt(itl) ¥y, y+(vet) v 2 x4(vil) x2) 0

z(x+(z4+1) ~ y), 32/ (y+(&+1) ~ x)
x<y, y<xp

Iv(x+(v+1) r y), Iv(y+(v+1) = z) - Iv(x+(v+1) = z)

X<y, y<zFx<z

12



“Term Sequent Logics”, Michael Gabbay, British Academy grant PDF /2006/509
[Sentence sequent derivations]
E57.2.7,0.0 57.2.2,0,0 o C%,7,2,91,92,0,0 = 5,7,2,91,v2,0, 0 =)
(1L), (1R) (1L), (1R)
~x,y,2,2,0,1:%,y,227,1,1 ) - x,y,2,v1,ve,1,1:x,y,2,vy,ve,1,1 )
-x,v,2,2,0,1:x+(z+1),y,2,1 (~L) - x,y,2,v1,v2,1,1 =t x+(vi+1),y+(va+1),z (~1)
x+(z+1)~y+Hx,2,7,0,1:y,7,1 R (4R x+(vi+1) # y,y+(va+1) & z - x,vy,ve,1,1 0 2 o
x+(z+1) A~y - x,2,2,0,1 = y+(2/ +1) ~ 1) x+(vi+l) &y, y+(va+1) ® z - x+((vitve+1)+1) : z (~R)
x+(z+1) ~y, y+(@+1) 2 x+2,7,0 = . x+(vi+1) ® y, y+(ve+1) & z - x+((vi+ve+1)+1) ~ z R
x+(z+1) ~y, yH(E+HL ~ x) - an) x+(vi+l) & y,y+(va+1) ¥ z - Iv(x+(v+1) ~ z) L)

z(x+(z4+1) ~ y), 32/ (y+(&+1) ~ x)
X<y, y<xI

Iv(x+(v+1) r y), Iv(y+(v+1) = z) - Iv(zx+(v+1) = z)

X<y, y<zFx<z

12
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[Sentence sequent derivationsj
- x,y,22,0,0 5,7, 22,0,0 (o) CX,7.2,91,92, 0,0 = 5,9, 2,91,v2, 0,0 0
(1L), (1R) (1L), (1R)
~x,y,2,2,0,1:%,y,227,1,1 ) - x,y,2,v1,ve,1,1:x,y,2,vy,ve,1,1 )
-x,v,2,2,0,1:x+(z+1),y,2,1 (~L) - x,y,2,v1,v2,1,1 =t x+(vi+1),y+(va+1),z (~1)
x+(z+1)~y+Hx,2,7,0,1:y,7,1 R (4R x+(vi+1) # y,y+(ve+1) ® z - x,v1,v2,1,1 0 2 o
x+(z+1) A~y - x,2,2,0,1 = y+(2/ +1) ~ 1) x+(vi+l) &y, y+(va+1) ® z - x+((vitve+1)+1) : z (~R)
x+(z+1) ~y, y+(@+1) 2 x+2,7,0 = . x+(vi+1) ® y, y+(ve+1) & z - x+((vi+ve+1)+1) ~ z R
x+(z+1) ~y, yH(E+HL ~ x) - an) x+(vit+l) & y,y+(va+1) ¥ z - Iv(x+(v+1) ~ z) L)

z(x+(z4+1) ~ y), 32/ (y+(&+1) ~ x)
X<y, y<xI

Iv(x+(v+1) r y), Iv(y+(v+1) = z) - Iv(zx+(v+1) = z)

X<y, y<zFx<z

12
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[ Properties of term sequent proof theory]

Definition: 1f 8 =tq,...,t,, write 70 for Tt1,...,Tt,.

' 87 :: 08y impliesT 108 :: TO,

I rB; :: TOy implies - 87 :: B3 if Oisnot in T

o £ B, (::
F'H0p:0iff THB,08; :: 0,0,

o ' - Alx/t],A and T I t :: t’ implies I' - A[x/t/], A

A or - —A for every atomic sentence A (including inequalities)

Cut elimination, full cut elimination, for any derivation.

e ¥ (1 ~0)and

13
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[ Expressive power and simple extensions]

e Term sequent logic for arithmetic corresponds to the following ‘standard’ equality axioms:
Vxy(x+y & y+x) Vxy(xxy ~yxx) Vxyz(x+(y+z) ~ (x+y)+2)
Vxyz(xx(yxz) ~ (xxy)xz) Vx(lxx~x~x) Vx(0xx=0A0+x = Xx)

Vxyz((xxy)+(xxz) =~ xx(y+z)) Vx—(x+1~0)
Vx1Xoy1y22 (X1 O ((zxx1)+y1 = (zxxX2)+y2 Dy1 X y2))

e Cut-elimination can be extended with relatively little effort.

[ty & t1+(y+1) A It = t2+(y+1) FA T,ti =t A (R2) y not free in
-<

C'— A A, t1 or ta.

allowing us to derive
VxVy((x ~y) v (x <y) v (y <x))

resulting in Kaye’s PA™: ‘the theory of the non-negative parts of discretely ordered rings’.
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( Further arithmetic)

e To get full arithmetic we use an infinitary rule:

I'[x/0] - A[x/0] T[x/1]  A[x/1]
T[x/t] - Alx/t]

(Rw) where t contains at

most one variable.

This yields the complete theory of arithmetic and retains cut elimination.
e Rational numbers and beyond. ..

I' - tB,18- :: t@ll, 1@/2 (- 1—-,@2’@/2 are
I 81,10, :: 8], 1/:0) . not all empty

15
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[Basic syntax of the )\—Calculusj

e Define terms t and sentences A by:

t o= xy,2z... | (ti-te) | (Ax.t)
A = tl\N\f)t2|A1/\A2|_'A|VXA
e Define a tree 8 inductively by:

— An individual term is a tree.

— If 8; and B85 are trees then so is the ordered pair (81, 82).

e A term sequentis a tuple "' -0 — t.
A sentence sequent is a pair T’  A.

16
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[Term sequent rules]

'—068; —t; F|—<t2,@2>2—t T't; —t
(Az.) (w1 2 Wl BN 1
Fr'—x—x ,t) v to (81,82 — t ' t] vwo tg, A
'8 —t F|—<...t2[X/t1]...>I—t '<®,x)—t
(AL) < > (AR) x not free
TR t2,81)...) — t I'0B:— Ax.t -
in
r A T ...0— ¢t — —

— < 7< s L1y 2>7 > (L) r — @1 ; t1 r — @2 X t2 (R)

F|—<...,<...,t1't2>,...>2—t F|—<81,@2>2—t1't2

e Sentence sequent rules are as before (replacing :: with —).
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( Some derivations)

e Fact: For any t we can derive I' - t — t.

(Az..) (Az..)

Fy—y byl tlyl 0 Fxeox T Felyllyxl =
- Ax.t,y = t[x/y] OR) ~ Ay (elx/y])x — (AR)
- Ax.t — Ay.(t[x/y]) (o ) - Ay.(t[x/y]) — Ay.(t[x/y]) (o R)
- Ax.t o Ay (t[x/y]) = Ay-(t[x/y]) v Ay (t[x/y])
- (Az._) . / L
Fx— x |_t[x/t].—t[x/t](>\L) I—XZ—X(A .) |_t:_t(-RL)
— ()\X.t), £ — t[X/t’] S Ht,x —tx (R)
— ()\X.t)'tl " t[X/t’] (-L) =t — )\X.(t-X)

A (W R)
- (Ax.t)t/ wo t[x/t] (1) =t Ax (%)

18
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[ More complex derivations]

Ax._ Ax._
—y ey ) —= =7 }(c,x :—) o X:L_ : E'R) )
y -y, xx — y-(xx) | (5)
—x—x %) -y (o) =y Gex)
- Ax(y-(xx)), x — y-(xx) )
- Ax(y-(xx)) - Ax (y-(x-x))
: (-L), (-R)
- Ax(y-(x-x)) - Ax (y-(x-x)) - Ax (y-(xx))-Ax(y-(x-x))
: (-L), (-R)
-y [Ax(y-(xx))-Ax(y-(xx)) | — y-[Ax(y-(x-x)) - Ax(y:(xx)) ] L)

= Ax(y-(xx)), Ax (y-(xx)) = y-[Ax(y-(x-x)) Az (y-(xx)) |

19
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[ Boolean algebra}

e Define terms t and sentences A by:

t = x,9,2Z,... | (tinte) | t° | &
A == ticts | Al A A5 | —A | VxA
e Let @ range over sets of terms.

e A term sequentis a tupleT' - 8 — 0.

A sentence sequent is a pair T’ — A.

20
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[rIbrrn_seculent rules]

I' - t1,t2,81 — B9 't — t
A L
TE 8. 0—0.08, “% 08 T e =8, Y TEtcty.a &
atomic
r—e—t,e r—e,t—=o r—0e,t—0
c ; (°L) ; — (°R) ; (L)
'-0,t“ —0 ' —t%8 '8, —86
F'-0,t; — 0 r-0—8,ty THE —B8,t
= ) (mL) = s U1 = ) V2 (mR)

I'—0,tinty — 0 1<i<2 -0 —0,t1nts
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( Conclusions)

e Term sequents allow us to manipulate terms in the same way we can manipulate propositions.

e In doing this term sequents allow us to embed a logic of terms within a logic of propositions.

This allows us to reason conditionally on relationships between terms.

e Term sequent formulations of theories such as arithmetic give us the useful tool of full cut

elimination.

e From the philosophical side, because of cut elimination, term sequents show that Arithmetic,

A-calculus, Boolean algebra etc. really are logics and not theories within logic.

22



